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ANALYSING PERMUTATION CAPABILITY OF MULTISTAGE
INTERCONNECTION NETWORKS WITH COLORED PETRI NETS
AND DESIGN/CPN

Rza Bashirov, Hiseyin Lort

Department of Mathematics. Eastern Mediterranean University, Gazimagusa. North Cyprus (via
Mersin-10, Turkey)

Abstract. This puper describes a method tor investigating the permutation capability of a multistage
interconnection network (MIN), implementing colored Petri nets (CPN). With the technique based on analysis of
occurrence graphs of corresponding CPN maodels, we can easily inspect whether or not a MIN is rearrangeable.
I it 1s not, we can measure its combinatorial power and define a set of realizable permutations. The approach
proposed in this work. to the best of authors’™ knowledge, is the first atempt to formulate the problem mentioned
above in terms of CPN formahsm and use Design/CPN tool for its simulation. Besides, it offers easy-to-use
iechnigue, which can be efficiently used for analysis of MINs made of crossbar switches.

1 Introduction

1.1 Why investigating of permutation capability is important

The design of a MIN for a multiprocessor or multicomputer inevitable involves tradeofts
benween performance and cost. The goal in the design of a MIN 15 to achieve the highest
performance at a given cost. The permutation capability is one of the characteristics ot a MIN,
which affects the overall performance of the svstem. The permutation capability refers to the
set of permutations, which can be yealized by the network. Using the permutation capability,
we can investipate the maching between MINs and algorithms. Analysis of permutation
capability of the MINs falls into two calegories: qualitative analysis and quantitative analysis.
The aim of the former is 1a deline the set of original permutations, which can be realized by a
MIN. In the latter, on the other hand. we verity whether or not a MIN is able to realize all
permutations of MIN's inputs into its ontputs. Such MINs are called rearrangeable. 1f ¢ MIN
is not rearrangeable. we simply measure its ability to perform the permwations. This is
usaally done in terms ol network’s combinatorial power, which is defined as the ratio of
number of permutations realized by the network and number of all possible permutations of

the same sizce.

Much has been written about permutation capability of the MINs [1-4]. Numerous researchers
have investigated rearrangeable. blocking and non-blocking MINs. The usual scenario
includes designing an analytical model of a MIN to.describe the system to the desired degree
of detail, and investigating the model (o show that It it can realize certain set of permutations.
Simulation models, on the other hand, capture the system in a computer progran.
“Subscquently. they can accommodate the details that are difficult to model analytically.

1.2 Why colored Petri nets are chosen for modeling
Petri nets provide a framework lor the design, specification, validation. and verification of
discrete event systems. Petri nets have u wide range of application areas, and many Petri net

projects have been carried out in industry, e.g.. in the areas of communication protocols,
operating systems, hardware design. business process re-engineering. High-level Petri nets
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have been used for modeling and simulation enginecring and scientific problems with
complex structures. Particularly. timed, stochastic and fuzzy Petri nets have been uscd for
modeling, analysis, and simulation in intelligent task planning. dvnamic knowledge
representation. managing symbolic and numerical information. and artificial intelligence.
CPN represent another class of popular high-level Petri nets. The main advantage of CPN
over the other Petri nets is that they can involve tokens with attached data values called
colors.

Before we started to create the model, we had spent several months to prepare for real work.
Although it was doubtless that Petri nets could be used for modeling and simulation. it was
rather difficult to make decision on type of Petri net. which would best fit to the structure and
properties of the svstem. In {act. most of the Petri nets can only be used to describe MINs
from a general point of view. Using those Petri nets. we could be not able to distinguish
between input/output pairs of a MIN, and keep track of data routing over MIN. (PN,
however, augments Petri nets by allowing complex data to be associated with tokens. The
power of token definition and manipulation cones from inscriptive language CPN ML, which
is based on functional language SML. Token types and manipulation are so flexible that they
enable to use tokens to trace the routing of data over channels and switches of a MIN,

In this paper. we use CPN for modeling MINs. and Design/CPN tool for investigating their
permutation capability. The Design/CPN provides practical tool for graphing. simulation and
analysts of structural and behavioral properties of CPN models. The occurrence graph tool.
which is an integrated part of Design/CPN, allows performing both gualitative and
quantitative analysis of permutation capability. Exhaustive information about colored Petr
Nets can be found in [5. 6].

Deep understanding ot the system structure and experience in CPN are required to develop a
correct scenario for solution of the problem. The main idea proposed in the current work is
that the permutation capability of a MIN can be investigated through analysis of liveness
property of corresponding CPN. The number of permutations gencrated by a MIN. equals the
number of distinet dead markings in the CPN model. The number of distinct dead markings.
on the other hand. can be determined by using occurrence graph tacility of Design/CPN tool.
The paper is organized as follows. In section 2. we describe the CPN mode] of (2x2)-switch.
which is the main building block of an interconnection network. and develop CPN model of
the MINs. In section 3. we present the simulation results. Finally. section 4 contains the
concluding remarks.

2 Creating the model

2.1 Switch description

The main building block of a MIN is (2x2)crossbar switch. which has two inputs. two
outputs. and twao states. A (2x2)- switch can be set either on or of 1. By setting (2 x2)-switch
on. we realize permutation 7, = 011" Similarly, by setting it ofl. we realize the permutation
\
oy -
T,

. ) \]O/“
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1" zelo

color U = with zero | one;
color E = with e;

var u:U;
var c:E;

Figure 1. CPN model of (2x2)-switch

color U
color E

with zero | one i two | three;
with e;

[l

var u:U;
var c:E;

[igure 2. CPN model of 2-stage network
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A (2x2)-switch can be modeled by CPN shown in Figure 1. In this ligure. the important
token type definitions are shown in the rectangle. Places P1, P4, P5. and P8 represent input 0.
input 1. output 0, and output |, respectively. Each input place initially has a token of color
type U, and each output place can receive a token of color tvpe U. The places P3 and P4 are
conditional ptaces. Each conditiona) place contains a token e of color type E. Conditional
places prevent conllicts. e.g. forbid multiple tokens to be moved to the same place. In the
initial marking. all transitions are enabled. If transition T1 (T3) occurs. P2 permits 1'zero
(T'one) to be moved from place P1 (P4) to place P5, and then forbids that for 1'one (1'zero).
Likewise. P3 permits one ol the tokens 1'zero or 1'one 1o be moved to P6. The CPN model in
figure 1 fully describes switch functionality including its on and off states. The on and off
states  of  (2x2)-switch  can easily be obtained by occurrence of steps
S,={(T1,<c=e,u=zero>),(T4,<c=e,u=one>)} and S,={(T2<c=e,u=one>) (T3(c=e, u=zero)}, respectively.
By following the same logic. we can extend the CPN model of (2x2)-switch to an arbitrary
(n x n)-switch. A CPN model of (1% 17)-switch consists of 77 imput places. n output places. n

conditional places. and »- transitions.
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color U = with zero i one | two | thrae four five | =ix | seven;
cclor E = with e;

var u:U;
var ¢:E;

Figure 3. CPN model of 3-stage network
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2.2 Colored Petri Net model of a MIN

The CPN model of a MIN inherits the main design principles of the CPN mode! of (2x2)-
switch. Figure 2 shows the CPN model of 2-stage network. The model contains data objects
of tour switches and interconnection channels linking the stages. Net structure and net
inscriptions are used to describe data routing over the network. The CPN model of figure 2
uses the same token definitions as those of figure 1 except that the range of values declared
lor a token of type U is wider in the latter mode] than that in the previous one. Indeed, two
color types are good enough to describe any MIN and investigate its dynamic characteristics.
Figure 3 illustrates an example of the CPN model of 3-stage network. In this figure, the type
declaration and net inscriptions are similar to those in the previous two examples.

Statistics

Occurrence Graph

Nodes: 7
Arcs: 8
Secs: 0

Status: Full

Dead Markings: [6.7]
Dead Transitions Instances: None

Figure 4. Occurrence graph for the CPN mode] ol (2x2)-switch

In the CPN model of @ MIN, a permutation can be abstracted as leftward moving tokens of
color type U, Obviously. a permutation is realizable by a MIN, if U tokens can start at input
places, pass through relevant intermediate places, and reach the output places. It should also
be noticed that the order in which related transitions occur is not important. They can occur in
any order or even at the same time. The important point is that desired transitions should be
cnabled whenever they are requested. In the CPN model of 2-stage network, a sequence of
transition oceurrences moves four tokens of color type U from lefimost places of the CPN to
its rightmost places. Then, the CPN becomes disabled. In the CPN model of figure 3, a step
of three transitions moves each U token from input place to one of the output places.
Stimultaneous occurrence of eight steps defines a permutation. which can be realized by the
network.
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Simulation results

As a starting point. we considered a simple CPN model of figure 1. We used a totally

automatic simulation mode for state space analysis. Full occurrence graph and a fragment of

the standard simulation report are shown in figure 4.
State space analysis of the CPN demonstrates us that there are two dead markings in this
model, which are indicated as nodes 6 and 7 in the occurrence graph. This means that (2x 2)-

switch can generate two permutations. i.e.. permutations setting (2 x 2)-switch to on and olf

states.

We have found some potential problems throughout the simulations. An occurrence graph
includes all possible markings that are reachable from the initial marking. which causes
dramatically increase in the number of nodes for large CPN. As a result of this drawback we
were not able to visualize an occurrence graph of the CPN of figure 2. However. the
simulation was successfully performed in totally automatic simulation mode. As it foHows
from simulation report. related occurrence graph contains 721 nodes and 2144 arcs. The
simulator detected 16 dead markings. each representing a distinct permutation. Thus, it can
be concluded that 2-stage network of figure 2 can generate 16 distinct permutations. There is
a high agrecment between the results obtained in this work and those obtained analvtically.
The problems with simulation of the CPN model of 3-stage network appeared even complex.
The occurrence graph simulator could not handle the task in totally automatic mode, since the
size of the occurrence graph exceeded the limitations considered for Design/CPN tool.

Instead, we performed interactive generation of state spaces. Based on multistage behavior of

the network. we followed the scenario. which made the CPN model tractable for state space
analysis. Initially, we manually generated the markings resulting from the occurrence of steps
Si. Sa, Ss. and Ss. each consisting of four binding elements. These steps move U tokens rom
input places of the first two switch patterns to their output places. For example, step S,
composed of binding elements (T1.<c=e,u=zero>), (T4 <c=e,u=one>), (T5<c=e u=two>), and
(T8,<c=e,u=three>) is enabled in the initial marking and its occurrence transforms the initial
marking into the marking which is shown on upper right corner of figure 5. Then, starting
with this marking. we performed automatic state space generation for the remaining fragment
of the first stage and obtained partial state spaces. Corresponding occuwrence graph and
markings are shown in figure 5. Repeatedly applying the same procedure 1o the steps S,, S,
and Sy

S, = {(T2,<c=e,u=zero>), (T3,<c=e,u=one>), (T5,<c=e u=two>), (T8,<c=g,u=three>)},
S3= {(T1,<c=e,u=zero>), (T2,<c=e,u=one>), (T6,<c=e,u=two>), (T7,<c=e.u=three>)},
Ss={(T2,<c=e,u=zero>), (T3,<c=e,u=one>), (T6,<c=e u=two>), (T7.<c=g,u=three>)}.

we obtained all possible markings that are reachable {rom the initial marking after the binding
elements in the first stage have occurred. The execution of the task for remaining two stages
was almost similar to that for the first stage. As a result we found that there are 4096 dead
markings.
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Figure 5. Occuwrrence praph for the CPN model of 3-stage network
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Conclusion

Modeling permutation capability of MINs using CPN has been successful. The CPN models
have been completely adequate 1o corresponding MINs. The CPN models of MINs inherited
the main specifications from (2x 2)-switch. which made it easy to design CPN for arbitrary
MIN.

The Design/CPN tool has greatly supported our work in designing the CPN models and
analyzing their liveness property. State space analvsis has been performed by using
occurrence graph simulator in automatic and interactive state space generation modes. For all
examples. both the markings and their total number have becn found.

Our main problem was the size of the occurrence graph. which was large enough even for
small CPN models. Unfortunately. Design/CPN did not permit by passing auxiliary markings.
We managed to handle this problem by splitting the CPN models into small submodels and
generating space states in interactive mode.
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